
 FROM ALGORITHM TV THEOREM

SOME PHILOSOPHY SUPPOSETHAT YOUMEETA NEWCOMBINATORIALOBJECT

PARKING Functions on THE LAANUMBERS on Bell NUMBERS HOWDO
YOUBEGIN to come to TERMS ANDWORKWITHTHEM STANDARD MOVESME

HOW MANY ARETHERE BOTH FOR5mn11NANDAsymptotical

WHATARE NATURAL FEATURES

WHITH OBJECTS HAVE EXTREME FEATURES thnx Min

IS THERE A NATURAL DISTANCE BETWEENTWUOBJECTS METALS
I would LIKE TO ADD ANOTHER Basic QUESTION

HOW Do I Dick A RANDOM OBJECT IN MYSET ONAcomputer

THIS TO BE FOLLOWED BY WHATDOES ATYPICALOBJECTLOOK LIKE

THE MAIN PINTOFTHIS WEEKS LECTURES is THATAN
EXPLICIT ALGURITHM CAN OFTEN BE HARNESSED TO MAKE PROOFS

OF THEOREMS THUS GOING FROMALGORITHM To THEOREM

THERE IS A DIFFERENT LINE OF WORK QUITEDIFFERENT

GOING FROM THEOREM TO ALGORITHM THIS WEEK WEWill Stick To ATOT

WE HAVEALREADY SEEN SEV Nhl EXAMPLES OF ALGORITHMS

YIELDING THEOREMS in our WORK ON RANDOM Permutations

THE SUBGROUP ALGORITHM Dipcowis SHAHSHAHANI SPECIALIZED to Sn
BECOMEMSuniformlypick III En TRANSPOSE 1 I THENpick It 2EIGER
UNIFORMLY AND TRANSPOSE 2 Ig pick In uniform14 INTHEINEN
AND Uniformly TRANSPOSE ca lInd IF ri is THE Ith Therstosition

ri r r oh is UNIFORM on Sn THEREAREMYRIADUSES
INCLUDING I let Xi o Yi THEN XXtHzKzt Xabi n Poissy



BUILDING r up selenentin114 IN CYCLEWuthtation ATSINGE E
PUTTING i TO THENIGHTOF A Randomlypicked previously

hurt D ELEMENT of USING IT TOSTART A NEWCYCLEONits
OWN with Phobngicity Ili This was USEFUL IN GETTING

THE Distribution of THENUMBER OFCYCLESAND ASPARTOFTHE
CHINESE RESTunapt PROCESS I uh I 2 3 142 3

Placing 1,2 Down in AROW SEQUENTIALLY INSERTING E
i w ONE OF THE I AVAILABLEhlhl.ES BEFOREAll BETWEEN ON

TVTHENIGHT OI All THISWAS USEFUL INGETTING THE Distribution

OF THENUMBER OFInventions 1 21 231 2431 a

a puttin6 Yi yd Yuya GEViYj El DOWN IN THEwrit

SQUARE UNIFORMLY AT NANDOM THEN ORDERED BY X VALUES

DEFINE ErlBY THE RANK OF Yi AMONG All THEY VALUES THIS
WAS USEFUL IN DERIVING THE DISTRIBUTION OF THE LONGEST

Inch hsieh SUBSEQUENCE Tj 47 1243243

THERE ARE MANY FURTHER EXAMPLES COMING OF COURSE ONEBENIFITOF

Having AN EFFICIENT Algorithm FOR SAMPLING YOUCANDRAW A Random

Sammy AND MAKE A HISTOGRAM OFTHE FEATURE S OFINTEREST FOR

THE VALUES OF N OF INTEREST
I'm Going to BEGINBY TREATING AN Example IN SOMEDETAIL

HERE A NON STANDARD sampling ALGORITHM RENNY SAVED THEDAY



2 SET PARTITIONS LET BEN THE nth Bell NUMBER DENOTE THENUMBER
g

OF Phntitions OF Ln INTO DISJOINTBLOCKS ORDERWITHIN 0h BETWEEN

BLOCKS Doesn't marten THUS BBK 5 FROM

11213 1213 1312 1123 123

BHI 15 BELI 52 THEFIRST FEWARECAbollo

N 0 I 2 3 U 5 6 7pgy.fi 52034yu

THERE is A HUGE CLASSICAL LITERATURE ON set partitions THE

CHARTER IN GRAHAM KNUTH PATASHWilks CONCRETEMATHEMATICS OR RICHARD

STHWLEY's ENhmenhrirk 2omBirhtones ORTHE 700PAGE BOOK BYMANSOUR

SHOULD GET You STARTED THERE IS ALSO A FAIRLY RICHprobabilistic

LITENNTUNE AROUND pick A SETpnniitivW AT RANDOM WHATDOES IT

LOOK Like THE WONDERFUL Article BY FRISDEITE 3 USES CONDITIONED

Limit THEM4 MUCH ASWE HAVEABOVE To Give A UNIFIED TREATMENT

OF Mnw4 NATURAL FEATURES NUMBER ofBlocks NUMBEROFBLOCKS OFSIZEI

1hr6 St Block REFERENCES TO MORE Esoteric Sthtrsties ANE IN E 3 3

All OF THESE REFENENCES ONLY STUDY BLOCK SIZES FOR Questions

Nhtsihb IN THE NEAR sensationsOF THE GROUP Ungft Uwi UNDERThornbugg

MATRICES WITH ENTRIES IN IFy I NEEDED to KNOW ABOUTFEATURES THAT

DEPEND ON THE ENTRIESWITHIN A BLOCK Eon EHANDLE FORTHE eTh Block

LET M BE THE LARGEST NUMBER INTHE BLOCK Mi THE smallest NUMBER IN
THE Block THE DIMENSION INDEX FOR THE SETPartition 7 is

dat f Chimitt n
A DIFFERENT 5Th Btrc Not zppthnED BY BLOCK SIZES is THE crossing

cat CROSSINGS OF 7



It HE IF YOU EnterIt 7 B4 PUTTING AN ARCFrom Itv if g Follows i

in A BLOCK ORDEHTHE Nummehg IN ABlouse Fun CONVENIENCE

EXhmnlE_ 7 11,4 143,51 I eat L

ONE MORE NONSTANDARD 5ThMSF't r CcDE 7 UP AS 4 Ys xn WITH X j
i F i is in Block 5 of 7 Go 4,4gf23,53 7 12212 LET

I i i 4in_Xi THENUMBER OF LEVELS OF 7

FOR EACH OF THESE ONEmay ASK AboutTHE MEAN VARIANCE AND

Limitihl Distribution Sthwbhn TECHNIQUES MOMENTS STEMSMETHOD GEN

Ehhtinb Functions BROKEDOWN i THE ALGORITHMS TO THEonems Approach

WORKED And GAVE A CLEAN HEURISTIC PITTUNE OFWHATA TypicalSET
Partition looks LIKE

G Sthms ALGORITHM WRITE IT 1 FORTHE SETPARTITIONSOF N soBcnkl11911

How Do You eltoo.SE 79 TIM Uniformly ITS NOTEVENCLEAR How LANE

Bnl is lRouG Eyal THERE is A KthnnbEFormula OF DOBINSKI

Bn te EmNL WHhT's e DoinkHEHE
µINDEED TAKE A Look AT THIS IT

gnyms
I B te Ii Oki 2 1 a f i

ok WHYEVEN its TRUE DoBinskisays THAT

41 hnlmt eg.hnT
IS A PROBABILITY Distribution on i 2,3 u STAM'S ALGORITHM USES

µnEm To GIVE AN ELEGANT ALGORITHM FORCHOOSING ARandomELEMENTOFITCH



STAM's ALGORITHM

41 CHOOSE M FROM An
DROP N LhBLED Balls uniformly Into M Bots

FORM 7 WITH EAND j in THESAMEBlock IEF THEYAREINTHESAMEBOX
OFCOURSE AFTER CHOOSING M AND DROPPING Balls SOME OFTHEBOKSMAYBEEMPTY

STAM SHOWS THAT THE NUMBER OF EMPTYBolts Hhs EXACTLY APoissonDistribution

AND is INDEPENDENT of 7 Stam's PAPER is VERYCLEARLY WRITTENBUTTHE

ALGORITHM is still MAGICAL THE NICE ARTICLE BY JimPITMAN19421 SOME

PROBABALISTIL Aspects 0kSETPARTITION'SAMERMATHMONTHLYMAKESMIN4Connections

But a I still FIND it MAGICAL f IT'S BEENHARD To GENERALIZE What
Distribution 0W ITEM IS INDUCED IF BOSE EINSTEINAllocation is USED

IN Ster El
HERE IS AN Illustration of USING STAMS ALGORITHMTO COMPUTINGMOMENTS

Fon M in 41 Fon n c das
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NEXT CONSIDER Lal THE NUMBER OF LEVELS OF 7 DEFINEDABOVE GIVENM

L GI X tXyt x X WHth E ki IS THE Indicator OFTHEEVENTTHATBans jppg
itl ARE DAMPED INTO THESAME BOX BY INSECTIN THEXi AREINDEPENDENT
WITH PLH 1 u Lm THUS

ELLEN ELELLIN Enl ml a ABBIE logon

THE STANDARD IDENTITY VAR 2 E VANZANT 1 VAN E Zin GIVES

VARIED E BanfitnatBz a timer bgn
Bn2

PLEASE NOTE SEVERAL THINGS UP TO DivisionBY Bn THE MOMENTS OF L



ARE SHIFTEDBEIIPOL4nomi.nl ypoi4Nomia15iWBn RniBay
with Eu Ficients THAT ARE Polynomials in N THIS HOLDS Also

Fon THE statistics that cat AND ANY REASONABLE Function
OF THE Counts N CH i Blocks INDEED IT HOLDS VERY
GENENHIY SEE MY PAPERON MOMENTS OF FUNCTIONS OFSETPnatitions
WITHCHIAN KANE AND RHODES

MUCH MORE IMPORTANT STAM'S ALGORITHMGIVES ANAccurate
SIMPLE HEURISTIC PICTURE OF WHAT A Typical SET PARTITION
LOOKS Like Tb 66011 Approximation IT LOOKS LIKE THIS

DAOp N Bang UNIFORMLY AT RANDOM multinomial Allocation

INTO M Zayn Bots Put i j i w same BLOCK IF THEYARE
IN THE same Box THAT'S IT THIS MEANS THATAll OF
OUR Accumulated Wisdom ABOUT BAHS IN BOKSCANBE HMWESSED

To suffest THEODEMS

THE DISTRIBUTION OF L I WANT to USE Stam's ALGORITHMTO

PROVE A Limit THEOREM AN EASYCASE IS THE LIMITING
DISTRIBUTION OF THE NUMBER OF LEVELS L DEFINED ABOVE RECCHI

THAT GIVEN M LI X it Ha WITH Xi BINARY VARIATES INDERENDENT
with RX D Im

BEChusE OF THE NEAT MOMENT FORMULA 2 ABOVE

ham ELMI Bazan nitya Eml Vanna that fiffatinklagat
AND WunmalizED BY ITS MEAN ANDSTANDARD Deviation m No it



HERE I HAVE USED STANDARD Asymptotic5 OF BEIL NUMBERS TOSTATE

THEM MORE CAREFULLY DEFINE 2 AS THEUniquepositiveREAL
solution OF Ue Intl 50 Ln luga leglagn toil THEN SEE

ly
leBRuiJNiASYmDtotKAnnl45iBgBnpiI_nntihI.n
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WE WANT To PROVE

THEodEm_ THE NUMBER OF LEVELS LAI Hab EnlL h nhan
VANNILI Ether toga AND Normalized By its MEANANDVARIANCE
L ha
In 210,1

PRout THE MOMENTS OF L ARE COMPUTED ABOVE CONDITIONAL ONMy

L X it tXp wiTH ki iEn En 1 INDEPENDENT 011 VARIATESHAVING

Plt dm Thus

E LIM Hm VbnlLlml n
m

t Lm

AND NORMALIZED BY ITS MEAN AND STANDARD DEVIATION L HAS A
Limitinto Normal Distribution PROVIDED NIM N THISSHOWS By a

nG my dnt OptTn

More Precisely White mn Mma t 2 n Tmm 50 2n Mn
am

THEN
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OUR MOMENT CALCULATIONS GIVE

µm
2nt GLEN tan Ultra Zn 0pct so Follows

WITH PRuBamility CLOSE to 1 Giron M L is close to AGaussianWith

Mean hmm Im Lnt Opl Irn Tnn ran top Yin
THUS WITH HIGH PROBABILITY is weakStar Closeto

NLLn Fn UN conditionHIM B

THE ARGUMENTS FOR THELimiting DISTRIBUTIONOF

del AND CA ARE Similhn BUT R Quine SOME NEWIDEAS SEE
MY PAPERS WITH ZHENW KANE RHODES THE Point For TODAY is
THE Distribution OF E WAS ANOPEN PROBLEM STANDARD METHODS

DIDN'T WORK AND HAVING AN ALGORITHMik WAY OF CHOOSING 7
SAVED THE Day

5L SOMEMOTIVATION ONE OFTHE THINGS I HOPE You LEARN IN THIS COURSE

IS THAT COMBINATVhint PROBLEMS EVEN INTONESANG NEWONES ARISE in

Applications THE Statistics ACH UH LG SEEM STRANGE WHO cares

MY INTEREST STARTED WITH A RANDOMWALK PROBLEM 0WUncg

THE GROUP OF UNI UPPER Thiamening MATRICES WITH ENTRIES in Eq THIS

IS THE SYLOW p SUBGROUP OF 61g AND A UNIVERSAL N Group Just
AS EVERY FINITE Group of All SUFFICIENTLY Lhb6E SYMMETRIC Groups

Sn EVERY p Group is A subgroup OF Un p



I WAS STUDING THE simplestAnnDum WALK ONUncp 5ThatAtid
hut stun pick A row NT RANDOM ANDADDOR SUBTRACT it To THEnow

ABOVE HOW LOW DOES THIS Whlk TAKE TO GETRANDOM ONEAppagally

TU STUDYING RANDOM White 0W GROUPS is to close up THE GENERATING

set UNDER CONJUGHTION THEN USE CHARACTER THE0h4 TO STUDYTHE

CONJUGATION INVhainNt white FINNY USE comparison THEORY TO GoBpete

to THE ORIGINAL WALK

OK WHAT ARE THE CHARACTERS AND CONJUGAL4 CLASSES OF

Unlpl IT TURNS OUT THAT NOBODY KNOWSAID IN AREAL SENSE YOU

CAN prove THAT WVBODY will EVER KNOW ft WHAT TODO WEIL IT

TURNS OUT THAT THERE IS A CRUDER 1SUPPER CHARACTER THEORY DUE to

CNN.us ANDRE AND NOWMANY OTHERS TH53 LUMPS TOGETHER CERTAIN

CONJUGACY Elksses AND SUMSCERTAIN CHhnnetens THIS NEWTHEORY

is NILE THERE IS EVEN A CLOSED FORMULA Fun A SUREN

ElthanctEh ON A SUPERCLASS

IT TURNS OUT THAT THE SANERCLASSES AND CHARACTERS

ARE INDEXED BY SET PARTITIONS JUST LIKE THECharacters of

Sn ANE INDEXED BY Pnaritions THERE ARE Fascinating combinatorial

RULES CANALUGS OF TABLEMX combinatorics AND A Full AMIGO of
THE DUALITY BETWEEN THE REPRESENTATIONTHEORY OF THESymmetric

Group AND SYMMETRIC FUNCTION THEORY FOR 5h00min5s THEORY SYMMETRIC

Functions ARE REPLACED BY SYMMETRIC FUNCTIONS IN NON COMMUTING VANDBIES

THE DiMERsi OF THE SUNEN CHARACTER INDEXED BY 7 a 1161 is
qd THE SUPER CHARACTERS ARE ORTHOGONAL WITH CHI µq
This is THE motivation Foh STUDYING d AND E




