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[n] :={1,...,n}.

We work with families F C [n]* := {(z1,...,2x): z; € [n]}.
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Rainbow matchings

[n] :={1,...,n}.

We work with families F C [n]* := {(z1,...,2x): z; € [n]}.
v,w € [n]¥ intersect <= v; = w; for some .

Matching: a collection of pairwise disjoint k-tuples.

Conjecture (Aharoni, Howard)

Given s families F, ..., F, C [n]*, such that
[Fil > (s—n*7, ies]

there exists a rainbow matching Fy € F,..., Fs € Fs.

Tight: F; = [s — 1] x [n]*"1 = {(@1,...,2,): 21 € [s — 1]}

Aharoni, Howard, 2017: True for k = 2, 3.
Lu, Yu, 2018: True for n > 3(s — 1)(k —1).

Sergey Kiselev (MIPT) Rainbow matchings 23.09.2020 2/11



Rainbow matchings

[n] :={1,...,n}.

We work with families F C [n]* := {(21,...,2%): 2; € [n]}.
v,w € [n]¥ intersect <= v; = w; for some 3.

Matching: a collection of pairwise disjoint k-tuples.

Conjecture (Aharoni, Howard)

Given s families F7, ..., Fs C [n]*, such that
|Fi| > (s — D)nF~L, e

there exists a rainbow matching Fy € Fq,..., Fs € Fs.

Remark: if we replace [n]* with ([Z}), we will get (rainbow) Erdés
matching conjecture.

Also note that [n]* C ([7;5]).
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If F C [n]* and |F| > (s — 1)n*~!, then F contains a matching of size s
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If F C [n]* and |F| > (s — 1)n*~!, then F contains a matching of size s

Take n pairwase disjoin k-tuples M := {Mj, ..., M} uniformly at
random (random perfect mathcing).
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Example

If F C [n]* and |F| > (s — 1)n*~!, then F contains a matching of size s

Take n pairwase disjoin k-tuples M := {Mj, ..., M} uniformly at
random (random perfect mathcing).

[ FIIM]
nk

E[lF N M| = >s5—1
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Example

If F C [n]* and |F| > (s — 1)n*~!, then F contains a matching of size s

Take n pairwase disjoin k-tuples M := {Mj, ..., M} uniformly at
random (random perfect mathcing).

[ FIIM]
nk

E[lF N M| = >s5—1

Thus, for some choice of M, we have

[FAM| > s
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Concentration

Fix F C [n]¥, | F| = an*.
Consider a random perfect matching M in [n]*, put n := |F N M].

Eln] = an
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Concentration

Fix F C [n]¥, | F| = an*.
Consider a random perfect matching M in [n]*, put n := |F N M].

P(jn— Eln]| > 28vn) < e~ T for B> 0.

Any Fi,...,Fs C [n]* such that

|Fi| > (s +4v/nlogn)n*~1, i€ s,

contain a rainbow matching.
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Concentration: proof outline

Assume M = (My,..., M,). We have n =1, + ...+ n,, where n;
indicates if M; € F.
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Concentration: proof outline

Assume M = (My,..., M,). We have n =1, + ...+ n,, where n;
indicates if M; € F.

Define an exposure martingale X, ..., X,, where X; := E[n | n,,

Note that Xo = E[] = an and X,, = n.

..,?71].
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Concentration: proof outline

Assume M = (My,..., M,). We have n =1, + ...+ n,, where n;
indicates if M; € F.

Define an exposure martingale X, ..., X, where X; :== E[n [ n;, ..., 71].
Note that Xo = E[] = an and X,, = n.

For simplicity: Y; := E[n,, | 7:,...,m1]. Then X; = E;zl n;j + (n —1)Y;.

| Xit1 — Xs| <1+ (n—i—1)Yi —Yil
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Concentration: proof outline

Assume M = (My,..., M,). We have n =1, + ...+ n,, where n;
indicates if M; € F.

Define an exposure martingale X, ..., X, where X; :== E[n [ n;, ..., 71].

Note that Xy = E[n] = an and X,, = .
For simplicity: Y; := E[n,, | 7:,...,m1]. Then X; = E;zl n;j + (n —1)Y;.
| Xit1 — Xs| <1+ (n—i—1)Yi —Yil

Assume Y11 — Y| < n_i_l for any 1.

Azuma-Hoeffding inequality

If Xo,...,X, is a martingale and |X; — X;_1| < 2 for any i € [n], then

P[IX, — Xo| > 28vn] < 2¢ 772
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Proof of |Y;11 — Y;

For simplicity, assume that i = 0

For i > 0 we fix My, ..., M; and do the same for [n — 4]*
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Proof of |Y;11 —

Yo =E[n,] =a  “the density of F”
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Proof of |Y;11 — Y;

Yo =E[n,] =a  “the density of F”

Y1 =E[n, | m] random variable with two values
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Proof of [Yiy1 — Yi| < 1/(n—i—1)

Yo =E[n,] =a  “the density of F”
Y1 =E[n, | m] random variable with two values

We need to show that |Y; — Yp| < —25.

Sergey Kiselev (MIPT) Rainbow matchings 23.09.2020



Proof of [Yiy1 — Yi| < 1/(n—i—1)

Yo =E[n,] =a  “the density of F”

Y1 =E[n, | m] random variable with two values
We need to show that |Y; — Yp| < —25.

]k

Graph PG, j: vertices — [n]*, edges — pairwise disjoint tuples
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Proof of [Yiy1 — Yi| < 1/(n—i—1)

Yo =E[n,] =a  “the density of F”
Y1 =E[n, | m] random variable with two values

We need to show that |Y; — Yp| < —25.

Graph PG, j: vertices — [n)*, edges — pairwise disjoint tuples

If 791 =1then Y;= P(né(:niﬁq):n = Ze(F) (average degree of F)

«
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Proof of [Yiy1 — Yi| < 1/(n—i—1)

Yo =E[n,] =a  “the density of F”
Y1 =E[n, | m] random variable with two values

We need to show that |Y; — Yp| < —25.

Graph PG, j: vertices — [n)*, edges — pairwise disjoint tuples

If 1 =1then Y= Pn=Lmn=1) _ 2e() (average degree of F)

P(ni=1) «a
If 71 =0then Y;= O‘_12_eéf) (average degree btwn F and F)
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Proof of [Yiy1 — Yi| < 1/(n—i—1)

Yo =E[n,] =a  “the density of F”
Y1 =E[n, | m] random variable with two values

We need to show that |Y; — Yp| < —25.

Graph PG, j: vertices — [n)*, edges — pairwise disjoint tuples

If 7y =1then Y;= P(nFl,(:ni’Z’{): DI Qeéf) (average degree of F)
If 71 =0then Y;= a_12_eéf) (average degree btwn F and F)
d=(n—1)" : degree of any vertex in PGy, .

A = —(n — 1)*1: the second absolute largest eigenvalue of PG, .
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Proof of [Yiy1 — Yi| < 1/(n—i—1)

Yo =E[n,] =a  “the density of F”

Y1 =E[n, | m] random variable with two values
We need to show that |Y; — Yp| < —25.

]k

Graph PG, j: vertices — [n]*, edges — pairwise disjoint tuples

If 1 =1then Y= Pn=Lmn=1) _ 2e() (average degree of F)

P(m=1) a
If nn=0then Y;= O‘_12_eéf) (average degree btwn F and F )
d=(n—1)" : degree of any vertex in PGy, .
A = —(n — 1)*1: the second absolute largest eigenvalue of PG, .

Alon-Chung bound:

Y1 —Yo| =

2(F) a‘ _Ma-e) 1
= d n—1
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Proof of the the

Theorem (K., Kupavskii, 2020)

Aharoni—-Howard conjecture is true for s > 500
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Proof of the theorem

Theorem (K., Kupavskii, 2020)

Aharoni—-Howard conjecture is true for s > 500
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Proof of the theorem

Theorem (K., Kupavskii, 2020)

Aharoni—-Howard conjecture is true for s > 500

Denote A;(M) := |F; N M| — s+ 1. Note that EA;(M) >0

Hall’s theorem: for any M there is a jaq, s.t. A;(M) < —ju for at
least s — jaq indices i € [s]

jm cannot be always 0. Typically ja < v/slogs: then A;(M) is
negative for most of i’s

Average E>"7_; A;(M) is positive, so need to compensate by large
positive deviations of the remaining i
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If Fi,...,Fs C [n]* satisfy

|Fil > (i—Dnf', 1<igs,

do they contain a rainbow matching?
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If Fi,...,Fs C [n]* satisfy

|Fil > (i—Dnf', 1<igs,

do they contain a rainbow matching?

Answer: No!

Is there a natural correction?
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Thank you!

Raint atchin;



