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Rainbow matchings

[𝑛] := {1, . . . , 𝑛}.
We work with families ℱ ⊂ [𝑛]𝑘 := {(𝑥1, . . . , 𝑥𝑘) : 𝑥𝑖 ∈ [𝑛]}.

𝑣, 𝑤 ∈ [𝑛]𝑘 intersect ⇐⇒ 𝑣𝑖 = 𝑤𝑖 for some 𝑖.
Matching: a collection of pairwise disjoint 𝑘-tuples.

Conjecture (Aharoni, Howard)

Given 𝑠 families ℱ1, . . . , ℱ𝑠 ⊂ [𝑛]𝑘, such that

|ℱ𝑖| > (𝑠 − 1)𝑛𝑘−1, 𝑖 ∈ [𝑠]

there exists a rainbow matching 𝐹1 ∈ ℱ1, . . . , 𝐹𝑠 ∈ ℱ𝑠.

Tight: ℱ𝑖 = [𝑠 − 1] × [𝑛]𝑘−1 = {(𝑥1, . . . , 𝑥𝑛) : 𝑥1 ∈ [𝑠 − 1]}.

Aharoni, Howard, 2017: True for 𝑘 = 2, 3.
Lu, Yu, 2018: True for 𝑛 > 3(𝑠 − 1)(𝑘 − 1).
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there exists a rainbow matching 𝐹1 ∈ ℱ1, . . . , 𝐹𝑠 ∈ ℱ𝑠.

Remark: if we replace [𝑛]𝑘 with
(︀[𝑛]

𝑘

)︀
, we will get (rainbow) Erdős

matching conjecture.

Also note that [𝑛]𝑘 ⊂
(︀[𝑛𝑘]

𝑘

)︀
.
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Example

Claim
If ℱ ⊂ [𝑛]𝑘 and |ℱ| > (𝑠 − 1)𝑛𝑘−1, then ℱ contains a matching of size 𝑠

Take 𝑛 pairwase disjoin 𝑘-tuples ℳ := {𝑀1, . . . , 𝑀𝑛} uniformly at
random (random perfect mathcing).

E[|ℱ ∩ ℳ|] = |ℱ||ℳ|
𝑛𝑘

> 𝑠 − 1

Thus, for some choice of ℳ, we have

|ℱ ∩ ℳ| > 𝑠
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Concentration

Fix ℱ ⊂ [𝑛]𝑘, |ℱ| = 𝛼𝑛𝑘.
Consider a random perfect matching ℳ in [𝑛]𝑘, put 𝜂 := |ℱ ∩ ℳ|.

E[𝜂] = 𝛼𝑛

Theorem (K. and Kupavksii)

P(|𝜂 − E[𝜂]| > 2𝛽
√

𝑛) 6 𝑒− 𝛽2
2 for 𝛽 > 0.

Corollary
Any ℱ1, . . . , ℱ𝑠 ⊂ [𝑛]𝑘 such that

|ℱ𝑖| > (𝑠 + 4
√︀

𝑛 log 𝑛)𝑛𝑘−1, 𝑖 ∈ [𝑠],

contain a rainbow matching.
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Concentration: proof outline

Assume ℳ = (𝑀1, . . . , 𝑀𝑛). We have 𝜂 = 𝜂1 + . . . + 𝜂𝑛, where 𝜂𝑖

indicates if 𝑀𝑖 ∈ ℱ .

Define an exposure martingale 𝑋0, . . . , 𝑋𝑛, where 𝑋𝑖 := E[𝜂 | 𝜂𝑖, . . . , 𝜂1].

Note that 𝑋0 = E[𝜂] = 𝛼𝑛 and 𝑋𝑛 = 𝜂.

For simplicity: 𝑌𝑖 := E[𝜂𝑛 | 𝜂𝑖, . . . , 𝜂1]. Then 𝑋𝑖 =
∑︀𝑖

𝑗=1 𝜂𝑗 + (𝑛 − 𝑖)𝑌𝑖.

|𝑋𝑖+1 − 𝑋𝑖| 6 1 + (𝑛 − 𝑖 − 1)|𝑌𝑖+1 − 𝑌𝑖|.

Assume |𝑌𝑖+1 − 𝑌𝑖| 6 1
𝑛−𝑖−1 for any 𝑖.

Azuma-Hoeffding inequality
If 𝑋0, . . . , 𝑋𝑛 is a martingale and |𝑋𝑖 − 𝑋𝑖−1| 6 2 for any 𝑖 ∈ [𝑛], then

P
[︀
|𝑋𝑛 − 𝑋0| > 2𝛽

√
𝑛

]︀
6 2𝑒−𝛽2/2
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Proof of |𝑌𝑖+1 − 𝑌𝑖| 6 1/(𝑛 − 𝑖 − 1)

For simplicity, assume that 𝑖 = 0

For 𝑖 > 0 we fix 𝑀1, . . . , 𝑀𝑖 and do the same for [𝑛 − 𝑖]𝑘
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𝑌0 = E[𝜂𝑛] = 𝛼 “the density of ℱ”

𝑌1 = E[𝜂𝑛 | 𝜂1] random variable with two values

We need to show that |𝑌1 − 𝑌0| 6 1
𝑛−1 .

Graph 𝑃𝐺𝑛,𝑘: vertices — [𝑛]𝑘, edges — pairwise disjoint tuples

If 𝜂1 = 1 then 𝑌1 = P(𝜂1=1,𝜂𝑛=1)
P(𝜂1=1) = 2𝑒(ℱ)

𝛼 (average degree of ℱ)

If 𝜂1 = 0 then 𝑌1 = 𝛼−2𝑒(ℱ)
1−𝛼 (average degree btwn ℱ and ℱ̄)

𝑑 = (𝑛 − 1)𝑘 : degree of any vertex in 𝑃𝐺𝑛,𝑘.
𝜆 = −(𝑛 − 1)𝑘−1: the second absolute largest eigenvalue of 𝑃𝐺𝑛,𝑘.

Alon-Chung bound:

|𝑌1 − 𝑌0| =
⃒⃒⃒⃒2𝑒(ℱ)

𝛼
− 𝛼

⃒⃒⃒⃒
6

|𝜆|(1 − 𝛼)
𝑑

= 1
𝑛 − 1 .
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Proof of the theorem

Theorem (K., Kupavskii, 2020)
Aharoni–Howard conjecture is true for 𝑠 > 500

Denote Δ𝑖(ℳ) := |ℱ𝑖 ∩ ℳ| − 𝑠 + 1. Note that EΔ𝑖(ℳ) > 0

Hall’s theorem: for any ℳ there is a 𝑗ℳ, s.t. Δ𝑖(ℳ) 6 −𝑗ℳ for at
least 𝑠 − 𝑗ℳ indices 𝑖 ∈ [𝑠]

𝑗ℳ cannot be always 0. Typically 𝑗ℳ 6
√

𝑠 log 𝑠: then Δ𝑖(ℳ) is
negative for most of 𝑖’s

Average E
∑︀𝑠

𝑖=1 Δ𝑖(ℳ) is positive, so need to compensate by large
positive deviations of the remaining 𝑖
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Question

Problem
If ℱ1, . . . , ℱ𝑠 ⊂ [𝑛]𝑘 satisfy

|ℱ𝑖| > (𝑖 − 1)𝑛𝑘−1, 1 6 𝑖 6 𝑠,

do they contain a rainbow matching?

Answer: No!

Is there a natural correction?
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Thank you!
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